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On certain subclasses of univalent functions associated with
generalized Poisson distribution series

Porwal S.1, Ghai S.K.2

The purpose of the present paper is to obtain necessary and sufficient condition for general-
ized Poisson distribution series to be in certain classes of univalent functions. We also consider an
integral operator associated with generalized Poisson distribution series.
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1 Introduction

Let A be the class of analytic functions f , defined in the open unit disk

U = {z : |z| < 1},

normalized by the condition f (0) = f ′(0) − 1 = 0. Let S be the subclass of A consisting of
functions which are univalent in U. We can express the functions of the class S by the power
series expansion about the origin of the form

f (z) = z +
∞

∑
n=2

anzn. (1)

We further suppose that T be the subclass of S consisting of functions of the form

f (z) = z −
∞

∑
n=2

|an| zn. (2)

A function f of the form (2) is said to be in the class T (λ, α) if it satisfies the following condition

Re

{

z f ′(z)

λz f ′(z) + (1 − λ) f (z)

}

> α for every z ∈ U, (3)

where α and λ are non-negative real numbers with 0 ≤ α < 1 and 0 ≤ λ ≤ 1. Similarly, a
function f of the form (2) is said to be in the class C(λ, α) if it satisfies the following analytic
criteria

Re

{

f ′(z) + z f ′′(z)

f ′(z) + λz f ′′(z)

}

> α for every z ∈ U. (4)
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From (3) and (4), it is easy to verify that

f (z) ∈ C(λ, α) ⇐⇒ z f ′(z) ∈ T (λ, α).

The classes T (λ, α) and C(λ, α) were initially introduced and studied by O. Altintas and
S. Owa [3]. Further, some necessary and sufficient conditions for the generalized Bessel func-
tions, Poisson distribution series and generalized distribution series for these classes were
investigated by S. Porwal and K.K. Dixit [8–10].

It is worthy to note that for λ = 0 the classes T (λ, α) and C(λ, α) reduce to the classes T (α)

(the class of starlike functions of order α, 0 ≤ α < 1) and C(α) (the class of convex functions of
order α, 0 ≤ α < 1), studied by M.S. Robertson [13] and H. Silverman [14].

In 2014, S. Porwal [8] (see also [2, 6]) introduced the Poisson distribution series and gave
a nice its application on certain classes of univalent functions. This paper established a link
between probability distribution and geometric function theory and opens up a new and inter-
esting direction of research. After the appearance of that paper, several researchers introduced
hypergeometric distribution series [1], hypergeometric type distribution series [12], confluent
hypergeometric distribution series [11], Borel distribution series [15], binomial distribution se-
ries [7], Pascal distribution series [5], generalized distribution series [10], Mittag-Leffler type
Poisson distribution series [4] and obtained some necessary and sufficient conditions on cer-
tain classes of univalent functions.

In the present paper, motivated by the above mentioned work, we obtain some necessary
and sufficient condition for the generalized Poisson distribution series to belong to the classes
T (λ, α) and C(λ, α). For this purpose we introduce a generalized Poisson distribution series.
Now, we recall the definition of Poisson distribution series as

K(m, z) = z +
∞

∑
n=2

mn−1

(n − 1)!
e−mzn. (5)

Now we define
K(µ, m, z) = (1 − µ)K(m, z) + µzK′(m, z).

Hence,

K(µ, m, z) = z +
∞

∑
n=2

(1 − µ + µn)
mn−1

(n − 1)!
e−mzn. (6)

One can see that for µ = 0, the series (6) reduces to the series (5).
Next, we define T K(µ, m, z) = 2z − K(µ, m, z). Thus

TK(µ, m, z) = z −
∞

∑
n=2

(1 − µ + µn)
mn−1

(n − 1)!
e−mzn. (7)

2 Main Results

To establish our main results we require the following lemmas.

Lemma 1 ([3]). A function f defined by (2) is in the class T (λ, α) if and only if

∞

∑
n=2

{

n(1 − λα)− α(1 − λ)
}

|an| ≤ 1 − α.
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Lemma 2 ([3]). A function f defined by (2) is in the class C(λ, α) if and only if

∞

∑
n=2

n
{

n(1 − λα)− α(1 − λ)
}

|an| ≤ 1 − α.

Theorem 1. If m > 0, 0 ≤ α < 1, 0 ≤ λ ≤ 1 and 0 ≤ µ ≤ 1, then T K(µ, m, z) is in the class
T (λ, α) if and only if

µ(1 − λα)m2 +
{

(1 − λα)(1 + 2µ)− µα(1 − λ)
}

m ≤ (1 − α)e−m. (8)

Proof. Note that

T K(µ, m, z) = z −
∞

∑
n=2

(1 − µ + µn)
mn−1

(n − 1)!
e−mzn.

In view of Lemma 1, to prove that T K(µ, m, z) ∈ T (λ, α), it is sufficient to prove that

∞

∑
n=2

{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)
mn−1

(n − 1)!
e−m ≤ 1 − α.

Note that

∞

∑
n=2

{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)
mn−1

(n − 1)!
e−m

=
∞

∑
n=2

{

µ(1 − λα)(n − 1)(n − 2)

+
{

(1 − λα)(1 + 2µ)− µα(1 − λ)
}

(n − 1) + (1 − α)
} mn−1

(n − 1)!
e−m

= e−m

[

µ(1 − λα)
∞

∑
n=2

mn−1

(n − 3)!

+
{

(1 − λα)(1 + 2µ)− µα(1 − λ)
}

∞

∑
n=2

mn−1

(n − 2)!
+ (1 − α)

∞

∑
n=2

mn−1

(n − 1)!

]

= e−m

[

µ(1 − λα)m2em +
{

(1 − λα)(1 + 2µ)− µα(1 − λ)
}

mem + (1 − α)(em − 1)

]

= µ(1 − λα)m2 +
{

(1 − λα)(1 + 2µ)− µα(1 − λ)
}

m + (1 − α)(1 − e−m) ≤ 1 − α,

by the given hypothesis. This completes the proof.

Theorem 2. If m > 0, 0 ≤ α < 1, 0 ≤ λ ≤ 1 and 0 ≤ µ ≤ 1, then T K(µ, m, z) is in C(λ, α) if
and only if

em
[

µ(1 − λα)m3 +
{

(1 − λα)(1 + 5µ)− µα(1 − λ)
}

m2

+
{

2(1 − λα)(1 + 2µ)− 2µα(1 − λ) + 1 − α
}

m
]

≤ 1 − α.
(9)

Proof. In view of Lemma 2, to prove that T K(µ, m, z) ∈ C(λ, α), it is sufficient to show that

∞

∑
n=2

n
{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)
mn−1

(n − 1)!
e−m ≤ 1 − α.
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Note that
∞

∑
n=2

n
{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)
mn−1

(n − 1)!
e−m

= e−m

[

∞

∑
n=2

{

µ(1 − λα)(n − 1)(n − 2)(n − 3)

+
{

(1 − λα)(1 + 5µ)− µα(1 − λ)
}

(n − 1)(n − 2)

+
{

2(1 − λα)(1 + 2µ)− 2µα(1 − λ) + (1 − α)
}

(n − 1) + (1 − α)
} mn−1

(n − 1)!

]

= e−m

[

µ(1 − λα)
∞

∑
n=2

mn−1

(n − 4)!
+

{

(1 − λα)(1 + 5µ)− µα(1 − λ)
}

∞

∑
n=2

mn−1

(n − 3)!

+
{

2(1 − λα)(1 + 2µ)− 2µα(1 − λ) + (1 − α)
}

∞

∑
n=2

mn−1

(n − 2)!
+ (1 − α)

∞

∑
n=2

mn−1

(n − 1)!

]

= e−m

[

µ(1 − λα)m3em +
{

(1 − λα)(1 + 5µ)− µα(1 − λ)
}

m2em

+
{

2(1 − λα)(1 + 2µ)− 2µα(1 − λ) + (1 − α)
}

mem + (1 − α)(em − 1)

]

≤ 1 − α,

by the given hypothesis. This completes the proof.

3 Integral Operator

In the following theorems, we obtain analogous results for a particular integral operator
T G(µ, m, z), defined as

T G(µ, m, z) =
∫ z

0

T K(µ, m, t)

t
dt. (10)

Theorem 3. If m > 0, 0 ≤ α < 1, 0 ≤ λ ≤ 1 and 0 ≤ µ ≤ 1, then T G(µ, m, z) defined by (10) is
in the class C(λ, α) if and only if (8) is satisfied.

Proof. From the representation of (10) we have T G(µ, m, z) = z −
∞

∑
n=2

(1 − µ + µn)mn−1

n! e−mzn.

In view of Lemma 2, to prove that T G(µ, m, z) ∈ C(λ, α), it is sufficient to show that
∞

∑
n=2

n
{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)mn−1

n! e−m ≤ 1 − α. Note that

∞

∑
n=2

n
{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)
mn−1

n!
e−m

= e−m
∞

∑
n=2

{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)
mn−1

(n − 1)!

= e−m
∞

∑
n=2

[

µ(1 − λα)(n − 1)(n − 2)

+
{

(1 − λα)(1 + 2µ)− µα(1 − λ)
}

(n − 1) + (1 − α)
] mn−1

(n − 1)!

= e−m
[

µ(1 − λα)m2em + {(1 − λα)(1 + 2µ)− µα(1 − λ)}mem+ (1 − α)(em− 1)
]

≤ 1 − α,

by the given hypothesis. This completes the proof.
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Theorem 4. If m > 0, 0 ≤ α < 1, 0 ≤ λ ≤ 1 and 0 ≤ µ ≤ 1, then T G(µ, m, z) defined by (10) is
in the class T (λ, α) if and only if

µ(1−λα)m+
{

(1− αλ)−µα(1−λ)
} (

1 − e−m
)

−
α(1 − µ)(1 − λ)

m

(

1 − e−m− me−m
)

≤ 1− α.

Proof. In view of Lemma 1, to prove that T G(µ, m, z) ∈ T (λ, α), it is sufficient to show that

∞

∑
n=2

{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)
mn−1

n!
e−m ≤ 1 − α.

Note that

∞

∑
n=2

{

n(1 − λα)− α(1 − λ)
}

(1 − µ + µn)
mn−1

n!
e−m

= e−m
∞

∑
n=2

[

µ(1 − λα)n(n − 1) +
{

(1 − λα)− µα(1 − λ)
}

n − α(1 − µ)(1 − λ)

]

mn−1

n!

= e−m

[

µ(1 − λα)
∞

∑
n=2

mn−1

(n − 2)!

+
{

(1 − λα)− µα(1 − λ)
}

∞

∑
n=2

mn−1

(n − 1)!
− α(1 − µ)(1 − λ)

∞

∑
n=2

mn−1

n!

]

= e−m

[

µ(1 − λα)mem

+
{

(1 − λα)− µα(1 − λ)
}

(em − 1)−
α(1 − µ)(1 − λ)

m
(em − 1 − m)

]

≤ 1 − α,

by the given hypothesis. This completes the proof.

Remark. If we put µ = 0 in results of the above theorems, then we obtain the corresponding
results of S. Porwal [8].

References

[1] Ahmad M.S., Mehmood Q., Nazeer W., Haq A.U. An application of a hypergeometric distribution series on certain

analytic functions. Sci.Int. (Lahore) 2015, 27 (4), 2989–2992.
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Метою даної роботи є отримання необхiдної та достатньої умови належностi узагальнених
рядiв розподiлу Пуассона до певних класiв однолистих функцiй. Також розглядається iнте-
гральний оператор, пов’язаний iз узагальненими рядами розподiлу Пуассона.
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