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o-Almost Ricci soliton on 3-dimensional
trans-Sasakian manifold
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In this paper, we consider J-almost Ricci soliton on 3-dimensional trans-Sasakian manifold ad-
mitting #-parallel Ricci tensor. We give some conditions for P-¢ =0, P-S =0, Q- P = 0. Also, we
show that there is almost pseudo symmetric -almost Ricci soliton on 3-dimensional trans-Sasakian
manifold admitting cyclic Ricci tensor. Finally, we give an example for verifying the obtained results.
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1 Introduction

A Ricci soliton (g, V, A) on a Riemannian manifold (M, g) is a generalization of an Einstein
metric such that

Lyg+25+2Mg =0, (1)

where S is the Ricci tensor, £y is the Lie derivative operator along the vector field V on M and
A is a real number. The Ricci soliton is said to be shrinking, steady or expanding according
to A being negative, zero or positive, respectively. Ricci solitons have been studied by many
authors (see [1-4,11,12]).

As a generalization of Ricci soliton, the notion of almost Ricci soliton by considering the
constant A as a smooth function introduced in [10]. Recently, ].N. Gomes et. al. extended the
term of almost Ricci soliton to 5-almost Ricci soliton (briefly -ARS) on a complete Riemannian
manifold by

o
§£Vg+5+)\g:0,

where § : M — IR is a smooth function [9]. In [8], J-ARS was studied on K-contact metric
manifolds.
Also, the projective curvature tensor P is given by

P(U,V)Z = R(U,V)Z ~ = (3(V,Z)QU ~ 3(U1, Z)QV), @

where Q is the Ricci operator (see [14]).
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2 Preliminaries

Let M be a connected almost contact metric manifold of dimension 2n + 1 with an almost
contact metric structure (¢, ¢, 7, g) and g is a Riemannian metric such that

¢*(U) = -U+nU)E, 7@ =1, nlpU)=0, ¢5=0, 3)

g(oU, 9V) =g(U, V) —n(U)yn(V),
for all vector fields U, V on M.
If there are smooth functions «, g on (M, ¢, ¢, 1, g) satisfying

(Vugp) V =a(g(U, V)E —n(V)U) + B(g(U, V)E — n(V)pU), (4)
then it is called a trans-Sasakian manifold (see [6]).
By using (3) with (4), we get

Vit = —agU + B(U — p(U)3). (5)
If we consider & and S to be constant, then for a 3-dimensional trans-Sasakian manifold we
get

R(U,V)Z = (% 2 (az - ;32)) (g(V,Z)U — g(U, Z)V)
+(5-3(«*=#)) (s 2)n(vV)e — (v, Z)n(U)g
+7(Wy(Z)V —(V)n(Z)U )

)= (5~ (2 8))sun - (53 (- #)rmm, @
)

(T (2 g2 _(r_
QU= (5 (=) U= (5-3(s* - ) ) (.
Proposition 1. If a 3-dimensioanl trans-Sasakian manifold M admits a §-almost Ricci soliton,

then A = -2 (ocz — ,82)
Proof. Let (g,¢, 6, ) be a J-almost Ricci soliton on M. From (1), we can write
2 (£9)(L,Y) + S(U,Y) + Ag(UY) =0, @)
Also, in view of (5), we get
(£e8)(U,Y) = g(Vud, V) +g(U, Vy{)
= —ag(pU,Y) + Bg(U,Y) — py(U)y(Y)
—ag(U, ¢Y) + pg(U,Y) — py(U)n(Y)
=2B(g(U,Y) = n(U)n(Y)).

Using the above equality in (7), we arrive at

S(UY) = (=A—=0pB) g(U,Y) + 6pn(U)n(Y). (8)

Taking U = ¢ = Y in (8) and using (6), we obtain
A=-2 <0c2 - ;32) : )
[

Corollary 1. A 3-dimensional trans-Sasakian manifold with J-almost Ricci soliton is an
n-Einstein manifold.
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3 J-almost Ricci soliton on a 3-dimensional trans-Sasakian manifold with
n-parallel Ricci tensor

Definition 1 ([13]). A 3-dimensional trans-Sasakian manifold M is called to be 1-parallel Ricci
tensor if

g((VuQ)Y,v) =0
forany U,V,Y on M.

Now, we consider J-ARS on M with y-parallel Ricci tensor. From (8), we have
QY = (=A—=46B) Y +pn(Y)¢.
Taking covariant differentiation of the above equation with respect to U, we obtain
(VuQ)Y = — (UA)Y — (US)BY — (UB)SY + (Ud)By(Y)¢
+ (UB)an(E +8p( (Tun)¥)E - 1(Y)Vug).
Using (5) in the above equation, we get
(VuQ)Y = — (UA)Y — (US)BY + (Ud)pn(Y)E
+ 08— ag(9U, Y)E + Bg(U, Y)E — an(Y)gU + By (Y)U — 2By (L) (Y)E).
Taking inner product with V, we obtain
2((VuQ)Y, V) = = (UA)Z(Y, V) — (US)BR(Y, V) + (Ud)n(¥)y (V)
+6B( — ag(@U, Y)y(V) + Bg(U, Y)(V) — ag(gU, V)y (Y)
+ B3(U, V) (Y) = 28n(U)y(Y)p(V)) = 0.

Putting Y = ¢ in the above equation, we get

— (UM (V) + 0B ( — ag(@U, V) + Bg(U, V) — py(U)n(V)) =0. (10)

Again taking V = ¢ in (10), we obtain
UA =0, (11)

which gives that U is constant. By use of (11) in (10), we can state
SB(—ag(eU, V) + Bg(U, V) — p(U)n(V)) = 0.

Putting U =V =¢;, 1 <i < 3, where ¢; denotes a set of orthonormal vector fields of M, we
get 68% = 0, which yields 6 = 0. Thus we arrive at

S(U,Y)=-Ag(U,Y).
So, we have following result.

Theorem 1. If a 3-dimensional trans-Sasakian manifold admits a 5-ARS with n-parallel Ricci
tensor then it becomes an Einstein manifold.
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4 The curvature conditions on a 3-dimensional trans-Sasakian manifold
admitting a J-almost Ricci soliton

Firstly, we give the curvature condition P - ¢ = 0 on M admitting a 6-ARS. We know that if
(P-¢)(X,Y)U = 0, then we have

P(X,Y)pU — ¢pP(X,Y)U = 0.
If we take U = ¢ in the above equation, we get
$pP(X,Y)¢ =0.

Using (2) in the latter equality, we obtain

(2= 6%) + 25E) rriox — n(x091) =o. (12)

Replacing X by ¢X in (12) and using (3), we get

(22 =)+ 25E) (= x+x)0)n00) = 0.

Putting Y = ¢ and replacing X by ¢X in the above equation, we arrive at
<((x2 . 52) + #) $X = 0. (13)

Taking inner product with W in (13), we obtain

<<(x2 ~ ) + %) g(¢X, W) =0.
It follows that A 4+ 68 = —2 («> — B?), which gives § = 0. Using this value in (1), we obtain
S(U,V) = —Ag(U, V).
So, we get the following assertion.

Theorem 2. If a 3-dimensional trans-Sasakian manifold admits a 0-ARS and satisfies P - ¢ = 0,
then the manifold is an Einstein manifold.

Now, we examine the curvature conditions P-S = 0 on M with a §-ARS. In this case, we
have
S(P(&Y)Z, V) +S(Z,P(&Y)V) =0.

In view of (2) in the above equation, we get
(2= B2) (S(& V)3(Y,2) = S(Y, V)y(Z) + 8(&, 2)3(Y, V) = S(Y, Z)y (V)
— 2 (8B (5(r,VIn(2) + (Y, 2)5(V)) —2587(Z)n(V)n(Y)) =0,
Taking V' = ¢ in the latter equality and using (8), we obtain
(- 8)s0,2) = (=a (2= ) = ) st 2) + Lan(2),

Therefore we can state following result.
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Theorem 3. If a 3-dimensional trans-Sasakian manifold admits a /-ARS and satisfiesP-S = 0,
then the manifold is an 17-Einstein manifold.

Finally, we consider the curvature condition Q - P = 0 on M with a J-ARS. Thus, we get
(Q-P)(X, V)W =0.
The latter equation implies
Q(P(X, V)W) — P(QX, V)W — P(X,QV)W — P(X, V)QW = 0.
Using (8) in the above equation, we obtain
—2((A+8B)P(X, V)W) + 6B (17 (P(X, V)W) & — P(Z, V)Wr (X)
= PX,EWy(V) = P(X,V)En(W)) =0.

Taking W = ¢ in the previous equality, we get

(=2(A+8B) = 9B) P(X, V)& + 6B (n(P(X, V)2) & — P(&, V)En(X) — P(X,§)&n(V)) =0.
Now, using (2) in the above equation, we obtain

—2((A+ ) + 3P) ((wz - ) + ”2—‘5’3) (1(V)X = (X)V) =0. (14)

Replacing X by ¢X and taking V = ¢ in (14), we get

—2((A +0B) + 3B) <<0c2 - ,82) - )‘Z—‘Sﬁ> X = 0.

Taking inner product with Y in the above equation, we find

—2((A+6B) +B) <(a2 - 52) + #) g(¢X,Y) =0,

from which we arrive at A = 0 or A + 68 = —2 (a*> — p?). In view of (9), we get § = 0. Using
this equation in (1), we get following result.
Theorem 4. If a 3-dimensional trans-Sasakian manifold admits a 5-ARS and satisfies Q- P = 0,

then the Ricci soliton steady or the manifold is an Einstein manifold.

5 Almost pseudo Ricci symmetric d-almost Ricci soliton

Definition 2 ([5]). A 3-dimensional trans-Sasakian manifold M is called an almost pseudo Ricci
symmetric manifold if its Ricci tensor S is not identically zero and satisties

(VuS)(Y, V) = (A(U) +B(U))S(Y, V) + AY)S(U, V) + A(V)S(U, Y), (15)
where A and B are two non-zero 1-forms given by

AlU) =g(U,p1), B(U) =g(U,p2). (16)
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In view of (15), we can write
(VuS)(Y, V) + (VyS)(V, U) + (VyS)(Y, U)
= (3A(U) + B(U))S(Y, V) + (SA(Y) + B(Y))S(V, u)+ (3A(V) + B(V))S(Y, u).

If M admits a cyclic Ricci tensor, the above equation reduces to

(BA(U) + B(U))S(Y,V) + (BA(Y) + B(Y))S(V,U) + (3A(V) + B(V))S(Y,U) =0. (17)
Taking V = ¢ in (17) and using (8) with (16), we get

“A(BAU) + B(U))p(¥) = A(BA(Y) + BOY))n(U) + (3y(p1) +n(e2))S(Y, U) = 0. (18)
Similarly taking Y = ¢ in (18) and by use of (8) with (16), we find

—A(BAU) + B(U)) = 2A(37(p1) + 11(p2))n(U) = 0. (19)
Substituting U = ¢ in (19) and using (8) with (16), we obtain
311 (1) + 1 (p2) = 0.
Thus, we have following result.

Theorem 5. There is no almost pseudo Ricci symmetric 6-ARS on a 3-dimensional trans-
Sasakian manifold M admitting cyclic Ricci tensor, unless 3A + B vanishes everywhere
on M.

Example 1. Let us consider 3-dimensional manifold M = {(x,y,z) € R3}, where (x,y, z) stan-
dard coordinates in R3. Define vector fields {w; :1<i<3}onM given [7] by

wy = e¥29x, wy = ezzay, w3 = 0z.
If we consider w3 = ¢ such that
n(U) = g(U, ws),
then we have (&) = 1. Also ¢(w1) = wa, p(wz) = w1, p(w3) = 0. Thus, (g, ¢, &, 1) defines an
almost contact metric structure. Now, we have
[wllwl] = O/ [w1/w3] = —2601, [wZI CU3] = —2602.
Using Kozsul’s formula we obtain
Vw1 =2w3, V,wy =0, V,w3 = —2wq

Vewi =0, Vw,wz =2ws, Vw,ws = —2w
V(U?)wl — 0, Vw3w2 = O, vw3w3 = 0_

In view of this equation for Riemannian curvature tensor R and Ricci tensor S, we arrive at
R(wy, wr)wy = —4wq, R(wy, w3)ws = —4wy,

R(wy, w3)ws = —4wy, R(ws,w1)wi = —4wo,
R(ws, wr)wy = 4wy,  R(wp, w1)wy = 4ws,

and
S(wllwl) = O/ S(WZ,CUZ) = 0/ S(w3’w3) = 8.

By use of above values on (7), finally we get A = 8 and § = —8. Hence we can state (g, ¢, 8, —8)
defines a 6-ARS on trans-Sasakian manifold of type («,1).
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Y wirt poboTi MM PO3TASIAAEMO J-Mavixke cOAiToH Pivudi Ha TpuBMMipHOMY TpaHCc-CacaksTHOBOMY
MHOTOBMA], SIKMIA AOITyCKag #j-TlapaseAbHMI TeH30p Piudi. My HaBoAnMO aesii ymoBu anst P - ¢ = 0,
P-S =0,Q-P = 0. Takox 1nokasaHo, II0 Ha TpUBMMipHOMY TpaHc-CacaksSHOBOMY MHOTOBMA],
SIKVI AOTTy CKa€ IMKAIUHMIE TeH30p Piuui, icHye Malike IIceBAOCMMETPUYHII §-MaiiXe COAiTOH Pigui.
Hacamkinenp, Myt HABOAMMO IIPMKAAA, AASI IEPEBIpKM OTPUMMAHNX Pe3yAbTaTiB.

Kntouosi crosa i ppasu: coaiton Piudi, 5-maiixe coriToH Pivui, Tpanc-CacakssHOBMII MHOTOBHA.



