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Non-inverse signed graph of a group

Amreen J., Naduvath S.

Let G be a group with binary operation *. The non-inverse graph (in short, i*-graph) of G,
denoted by T, is a simple graph with vertex set consisting of elements of G and two vertices
x,y € I are adjacent if x and y are not inverses of each other. That is, x — y if and only if
X*Yy # ig # y*x, where i; is the identity element of G. In this paper, we extend the study of
i*-graphs to signed graphs by defining i*-signed graphs. We characterize the graphs for which
the i*-signed graphs and negated i*-signed graphs are balanced, sign-compatible, consistent and
k-clusterable. We also obtain the frustration index of the i*-signed graph. Further, we character-
ize the homogeneous non-inverse signed graphs and study the properties like net-regularity and
switching equivalence.
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1 Introduction

Many researchers have constructed graphs using the concepts of algebra such as intersec-
tion graphs (see [2]), zero divisor graphs (see [6]), cyclic groups (see [13]), non-cyclic graphs
(see [1]), power graphs (see [9]) etc. The total graph of a commutative ring R was introduced
in [5] and is defined as a graph with all elements of R as vertices and for distinct vertices
x,y € R, the vertices x and y are adjacent if and only if x + y € Z(R), where Z(R) is the set of
zero divisors.

The notion of center graph I'z7(G) of a group G was introduced in [7]. It is a graph whose
vertices are the elements of the group G and two distinct vertices a,b € I'z(G) are adjacent
if ab € Z(G), where Z(G) is the center of G. The structure for I'7(G) and conditions under
which I'z(G) is regular or biregular were also determined.

A new graph construction called inverse graph associated with finite group was introduced
in [3], motivated by which, the non-inverse graph of a group was introduced and certain prop-
erties of the non-inverse graphs were investigated in [4].

Signed graphs have been extensively studied in the literature. A signed graph is a graph
whose edges receive either positive or negative signs. The concept of signed graphs was in-
troduced in [11]. In [16], a graph G was defined to be p-signed (I-singed) if every point (line)
is signed either positive or negative. The paper gives the characterization of both p-balanced
and pl-balanced signed graphs.
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Further research has been done by extending the concept of algebraic graphs to signed
graphs. In [14], two signed graphs namely order prime signed graph and general order prime
signed graph of a finite group are introduced. The notion of distance coprime signed graph
was introduced in [12] and structural characterisations and switching equivalent characterisa-
tions were obtained.

Motivated by the above mentioned literature, we extend the concept of non-inverse graphs
to signed graphs called non-inverse signed graphs which is discussed in the following sections.

For the terms and definitions in graph theory, we refer to [19] and for those in group theory,
refer to [10]. Throughout the paper, n denotes the order of the group G.

2 Non-inverse signed graph

Definition 1 ([4]). Let G be a group with binary operation *. The non-inverse graph (in short,
i*-graph) of G, denoted by I', is a simple graph with vertex set consisting of elements of G and
two vertices x,y € I' are adjacent if x and y are not inverses of each other. Thatis, x — y <=
X%y # ig # Y * x, where i is the identity element of G.

Definition 2. A non-inverse signed graph associated with a group G is an ordered pair
I's(G) = (Ky, o), where K, is a complete graph of order n and for an edge ab of K,, the signa-
ture function ¢ is defined as

o (ab) +, ifabe E(F(G)),
a g
—, otherwise.

Theorem 1. Let I's(G) be a non-inverse signed graph associated with a group G. Then, for
any vertex v of I's (G), we have

put (0) n —1, ifv isself-inverse element in G,
v) —
n —2, otherwise,

and

i (v) = {O, if v is self-inverse element in G,

1, otherwise.

Proof. Let I's.(G) be a non-inverse signed graph associated with a group G. The total degree
d(u) of a vertex u in I'y (G) must be n — 1 since the underlying graph is a complete graph.

By Definition 1, any vertex v in I'(G), which is a self-inverse element in G, has degree
n — 1 and therefore by Definition 2, d*(v) must be n — 1 in I's(G) and d~ (v) must be 0 since
dt(v)+d (v) =n—1.

By Definition 1, any vertex w in T'(G), which is not a self-inverse element in G, has degree
n — 2 and hence by Definition 2, d* (G) must be n — 2 and d~ (G) must be 1 as total degree of
win I'y(G) is n — 1. Hence the result. O

Theorem 2 ([4]). The non-inverse signed graph associated with any group (G, *) is complete
multipartite graph with ”TH partitions, where | is the number of self-inverse elements in G.

Theorem 3. The negation —I's(G) of non-inverse signed graph associated with a group G is
balanced if and only if n < 3, and if n = 3, then i is the only self-inverse element in G.
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Proof. Let —I's(G) be the negation of the non-inverse signed graph associated with a group G.
First, assume that —I'y (G) is balanced.

If n > 3, then by Theorem 2, there are at least three parts in the vertex partition of —I'y,(G)
and a cycle, containing vertices from each of these three parts, has all negative edges
(see Definition 1 and Definition 2). Therefore, there exists at least one cycle with odd num-
ber of negative edges, which is a contradiction to the hypothesis that —I's(G) is balanced.
Therefore, n < 3.

Now, letn < 3. When n = 1, 2, the signed graph —I's,(G) is trivially balanced as it is acyclic.
Hence, assume that n = 3 and —I's,(G) is balanced. If G has all self inverses say G = {ig,a,b},
then by Definition 1 and Definition 2, —T'5,(G) is a cycle with odd number of negative edges,
which is a contradiction to the hypothesis that —I'y(G) is balanced. Therefore, i should be
the only self-inverse element in G.

Conversely, let n < 3 and if n = 3, let ig be the only self-inverse element in G. When
n =1,2, —T's(G) is a acyclic signed graph. Hence, it is balanced.

If n = 3 and ig is the only self-inverse element in G, then —I's(G) is given by Figure 1.

Figure 1. —T'y.(G) with one self inverse element

Clearly, —I's(G) shown in Figure 1 is a balanced graph. Hence the result. O

Theorem 4. Let G a group with identity elementis and I's,(G) be its non-inverse signed graph.
Then the signed graph —I's(G) — i is balanced if and only if n < 3 or G is either of the form
G = {ig,a,b,b7'} or G = {ig,a,a71,b,b"'}, wherea,b € G.

Proof. Given a group G with identity element i and the negation of non-inverse signed graph
—TI'5(G), let —T's(G) — ig be balanced.

Assume that n > 5. Then, by Theorem 2, there are at least three parts of the vertex partition
in —I's(G) —ic and a cycle, containing vertices from each of these three parts, has all negative
edges (see Definition 1 and Definition 2). Therefore, there exists at least one cycle with odd
number of negative edges, which is a contradiction to the hypothesis that —I's,(G) — i is
balanced. Therefore, n < 5.

Now, let n < 5. When n = 2,3, —T'ys(G) — ig is trivially balanced since —I's(G) — ig is
acyclic.

Next, let n = 4 and let —I's(G) — ig be balanced. Assume that there are only self-inverse
elements in G. Then, by Theorem 2, there are exactly three parts of the vertex partition in
—TI's(G) — ig each containing one vertex. Therefore, —T'y,(G) — i is a cycle of length 3 with all
negative edges, which is a contradiction that —I'y,(G) — i is balanced. Therefore, there must
be two non-self-inverse elements in G. That is, G is of the form G = {iG, a,b, b‘l}.

Now, letn = 5and let —I's(G) — i be balanced. Assume that there is a self-inverse element
in G other than ig. Then, by Theorem 2, there are at least three parts of the vertex partition
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in —I's(G) — ig and a cycle, containing vertices from each of these three parts, has all nega-
tive edges (see Definition 1 and Definition 2). Therefore, there exists at least one cycle with
odd number of negative edges, which is a contradiction to the hypothesis that —T's(G) — ig
is balanced. Therefore, i is the only self-inverse element in G. That is, G is of the form
G = {ig,a,a7%,b,b71}.

Conversely, let n < 3 or G be either of the form G = {ig,a,b,b"'} or G ={ig,a,a7 b, b71}.
If n = 2,3, the signed graph —I's(G) — ig is acyclic. Hence, it is balanced.

If G is either of the form G = {ig,a,b,b7'} or G = {ig,a,a!,b,b71}, then —Tx(G) —ig is
given by either Figure 2 (a) or Figure 2 (b), respectively.

b a b
_© S T o
ao-"" N >:’
"~ o Ol 1o
p—1 a1 p—1
(@) —TI's(G) — ig associated with (b) —I's(G) — ig associated with
G = {ic,a,b,b71} G = {ig,a,a71,b,b71}

Figure 2. Graph —I's(G) —ig

The graphs in both Figure 2 (a) and Figure 2 (b) are balanced. Hence the result. O

Theorem 5. The negation of the non-inverse signed graph I's.(G) of a group G is k-clusterable,

where k = ”T“ and | is the number of self-inverse elements in G.

Proof. By Theorem 2, the non-inverse signed graph associated with any group (G, %) is com-
plete multipartite graph with ”T” parts, where [ is the number of self-inverse elements in G.
Therefore, by Definition 2 and Theorem 2, the vertex set of —I's(G) can be partitioned into
I singleton parts consisting of self-inverse element each and ”T’l parts each consisting of a
non-self-inverse element and its inverse such that the negative edges lie across the parts and

positive edges lie within the part as shown in the following Figure 3.

mm
mim

¥

Figure 3. —T'x(G) with ”TH parts

Hence, —I's(G) associated with a group G is k-clusterable, where k = ”TH O
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Theorem 6. The non-inverse signed graph I's,(G) associated with a group G is positive homo-
geneous if and only if all the elements in G are self-inverses.

Proof. Let the non-inverse signed graph I's(G) associated with a group G be positive homo-
geneous. Then, By Definition 2 and Definition 1, the associated non-inverse signed graph
I'(G) must be a complete graph which implies that all the elements in G are self-inverses by
Definition 1.

Conversely, let all the elements in G be self-inverses. Then, by Definition 1, the non-inverse
signed graph associated with G is a complete graph. Hence, by Definition 2, all the edges in
I's(G) are positive. Therefore, I's (G) is a positive homogeneous signed graph. O

Note, that the non-inverse signed graph I's,(G) associated with a group G can never be
negative homogeneous since there exists an identity element in G which is adjacent to all the
other vertices in I'(G).

Theorem 7. Given a group G, its non-inverse signed graph is (n — 1)-net-regular if and only if
all the elements in G are self-inverses.

Proof. Let G be a group and let I's,(G) be (n — 1)-net-regular. Assume that there is at least one
non-self-inverse element in G, say x. Then there should be another non-self-inverse element
in G which is inverse of x, say y. By Theorem 1, d*(x) = n —2 and d~ (x) = 1. Therefore,
d*(x) —d (x) = n — 3. Similarly,d* (y) —d~ (y) = n — 3, which is a contradiction that I'y(G)
is (n — 1)-net-regular. Therefore, all the elements in G must be self-inverses.

Conversely, let all the elements in G be self-inverses. Then, by Theorem 1, the difference
between the positive degree and negative degree of any vertex in I's(G) is n — 1. Therefore
I's(G) is (n — 1)-net-regular. O

Proposition 1. Let G be a group with exactly one self-inverse element ig, then I's(G) — i¢ is
(n — 4)-net-regular, where i is the identity element of G.

Proof. Let G be a group and let the identity element i; be the only self-inverse element in
G. Then the signed graph I's(G) — ig has elements with positive degree n — 3 and negative
degree 1 by Theorem 1. Therefore, the difference between the positive degree and the negative
degree of every vertex in I's(G) — i is n — 4. Hence, it is (n — 4)-net-regular. O

Definition 3 ([12]). Given a signed graph S, for any vertex v € V(S), where V (S) is the vertex
set of S, the marking u of S, defined by

is called a canonical marking of S.

Definition 4 ([18]). A signed graph S is sign-compatible if there exists a marking y of its vertices
such that the end vertices of every negative edge receive ‘—’ sign in y and no positive edge in
S has both of its ends '~ sign in .

Definition 5 ([17]). A marked signed graph is consistent if every cycle in the signed graph
possesses an even number of negative vertices.
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Theorem 8. I's(G) is sign-compatible and consistent under canonical marking if and only if
there are at most two non-self-inverse elements in the group G.

Proof. Let G be a group and I's,(G) be its non-inverse signed graph. Consider the canonical
marking of the vertices in I'y,(G) and therefore, by Definition 2, all the vertices corresponding
to self-inverse elements receive “ +’ sign and all the remaining vertices ‘-’ sign.

Now, let I's(G) be sign-compatible. Assume that there are more than two elements in G
that are not self-inverses say, x, x~!, y and y~!. Then the vertices corresponding to these
elements receive ‘-’ sign under canonical marking. By Definition 2, there are positive edges
between x and y, x and yil, y and x~ L yil and x~1, which is a contradiction to the fact that
I's(G) is sign-compatible. Also, the cycle formed by the vertices x, x ! and y has odd number
of negative vertices, which is a contradiction that I's,(G) is consistent. Hence, there are at most
two non-self-inverse elements in G.

Conversely, let there be at most two non-self-inverse elements in G say x and x~!. Hence,
the vertices corresponding to these two elements receive ‘—’ sign. Therefore, the negative
edge between the vertices corresponding to x and x~! has both its end vertices ‘-’ sign and
no positive edge in I's(G) has both of its end vertices ‘-’ sign. Therefore, I's(G) is sign-
compatible under canonical marking. Further, every cycle containing x and x~! have even
number of negative vertices. Therefore, I's(G) is consistent under canonical marking. O

Theorem 9. The negation of non-inverse signed graph I's(G) associated with a group G is
consistent under canonical marking if and only if

(i) all the elements in G are self-inverses, when n is odd,
and
(ii) all the elements in G are non-self-inverses, when n is even.

Proof. Let —I's(G) be the negation of non-inverse signed graph associated with a group G.
Consider the canonical marking of the vertices of —T'y(G). We know that, for the negation of
non-inverse signed graph, by Theorem 1, the negative degree of a vertex corresponding to a
self-inverse element is 7 — 1 and that of a non-self-inverse element is n — 2. The following two
cases arise.

Case 1. Let n be odd and let —I'y(G) be consistent. Assume that there are two non-self-
inverse elements in G say, x, x~ 1. Since n is odd, under canonical marking, the vertices cor-
responding to self-inverse elements receive ‘+” sign and the vertices corresponding to non-
self-inverse elements receive ‘~’ sign. Therefore, x and x~! receive ‘~’ sign and any cycle
containing exactly one of these two vertices has odd number of negative vertices, which is a
contradiction that —I'y (G) is consistent. Hence, all the elements in G are self-inverses.

Conversely, let there be only self-inverse elements in G. Since 7 is odd, the vertices corre-
sponding to all the self-inverses receive ‘+’ sign. Since, there are no vertices with ‘-’ sign,
there are no cycles with odd number of negative vertices. Hence, —I's.(G) is consistent.

Case 2. Let n be even and let —I's(G) be consistent. Assume that there is one self-inverse
element in G, say x. Since n is even, under canonical marking, the vertices corresponding
to self-inverse elements receive ‘—’ sign and the vertices corresponding to non-self-inverse
elements receive ‘ +’ sign. Therefore, x receives ‘—’ sign and any cycle containing x has odd
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number of negative vertices, which is a contradiction that —I'y(G) is consistent. Hence, all the
elements in G are non-self-inverses.

Conversely, let there be no self-inverse element in G. Since #n is even, the vertices corre-
sponding to all the non-self-inverses receive “ + " sign. Since, there are no vertices with * -’ sign,
there are no cycles with odd number of negative vertices. Hence, —I's(G) is consistent. O

Theorem 10. —T'x(G) associated with a group G is sign-compatible under canonical marking
if and only if n is even and G has all self-inverse elements.

Proof. Let —I's(G) be the negation of the non-inverse signed graph associated with the group
G. Let —I's(G) be sign-compatible under canonical marking. Assume that 7 is odd. We know
that, for a negated non-inverse signed graph, by Theorem 1, the negative degree of a vertex
corresponding to a self-inverse element is n — 1 and that of a non-self inverse element is n — 2.
Therefore, by canonical marking, the vertices corresponding to self-inverse elements receive
“+’ sign and the vertices corresponding to non-self-inverse elements receive ‘-’ sign. Hence,
there will be at least two negative edges whose end vertices are not both negative, which is a
contradiction that —I's(G) is sign-compatible. Hence, n must be even.

Now, let nn be even and —I's(G) be sign-compatible under canonical marking. Assume that
there are at least two non-self-inverse elements in G. Since 7 is even, the vertices corresponding
to non-self-inverse elements in —I'y,(G) receive “ +’ sign and all the other vertices correspond-
ing to self-inverse elements receive ‘-’ sign, by Theorem 1. Therefore, there will be at least one
negative edge whose end vertices are not both negative, which is a contradiction that —I's.(G)
is sign-compatible. Hence, all the elements in G must be self-inverses.

Hence, —I's(G) is sign-compatible under canonical marking if # is even and G has all self-
inverse elements.

Conversely, let n be even and G has all self-inverse elements. Then, by Theorem 1, all the
vertices in —I's(G) receive ‘-’ sign. Therefore, all the negative edges have both its end vertices
‘—’ sign. Hence, —I's(G) is sign-compatible. O

Definition 6 ([12]). Switching a signed graph S with respect to a marking y is the operation of
changing the sign of every edge of S to its opposite whenever its end vertices are of opposite
signs. The resulting signed graph S, (S) is said to be a switched signed graph.

Definition 7 ([12]). Two signed graphs S1 = (Gy,01) and Sy = (Gy, 02) are said to be weakly
isomorphic or cycle isomorphic if there exists an isomorphism ¢ : G; — Gy such that the sign
of every cycle Z in S equals to the sign of ¢(Z) in S,.

Theorem 11 ([15]). Two signed graphs S; and S, with the same underlying graph are switching
equivalent if and only if they are cycle isomorphic.

Theorem 12. —I's(G) and its switched graph with respect to canonical marking are switching
equivalent.

Proof. Let —I's(G) be the negation of non-inverse signed graph associated with a group G
and let S’ be its switched graph under canonical marking. We know that, for the negation
of non-inverse signed graph, by Theorem 1, the negative degree of a vertex corresponding
to a self-inverse element is 7 — 1 and that of a non-self inverse element is n — 2. We also
know that, by Theorem 2, —I's(G) can be partitioned into 2-partite sets, each containing a
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vertex corresponding to an element of G and the vertex corresponding to its inverse and into
singleton sets, each containing a vertex corresponding to self-inverse element. The following
cases arise.

Case 1. Let n be odd. Then, under canonical marking, all the vertices of —I's(G) correspond-
ing to self-inverse elements receive “ +’ sign and the vertices corresponding to non-self-inverse
elements receive ‘-’ sign. Now, the following subcases arise.

Subcase 1.1. G has only self-inverses. Clearly, all the vertices in —I's(G) have ‘+’ sign and
therefore, —I'y (G) switches to itself. Hence, —I's(G) and S’ are switching equivalent.

Subcase 1.2. Let G have both self-inverse and non-self inverse elements. Then the edges
between any two 2-partite sets remain the same after switching under canonical marking and
the negative edges between any 2-partite set and a singleton set switch to positive edges. It
is evident that the sign of each cycle in —I's(G) is equal to the sign of the corresponding
cycle in §’. Therefore, —I's(G) and S’ are switching equivalent under canonical marking by
Theorem 11.

Case 2. Let n be even. Then, under canonical marking, all the vertices of —T'y,(G) corre-
sponding to self-inverse elements receive ‘-’ sign and the vertices corresponding to non-self-
inverse elements receive ‘ +’ sign. Now, the following subcases arise.

Subcase 2.1. G has only self-inverses. Clearly, all the vertices in —I's(G) have ‘-’ sign and
therefore —I's(G) switches to itself. Hence, —T's,(G) and S’ are switching equivalent.

Subcase 2.2. G has both self-inverse and non-self-inverse elements. Same argument as in
Subcase 1.2.

Subcase 2.3. Let G has only non-self-inverse elements. Since all the vertices in —I's(G) have
‘+’ sign, —I's(G) switches to itself. Hence, —T'z(G) and S’ are switching equivalent. This
completes the proof. O

Definition 8 ([8]). Frustration index is the least number of edges whose deletion makes the
signed graph balanced.

Theorem 13. The upper bound for the frustration index [(X) of the signed graph —TI's(G)
associated with a group G is given by the following three cases.

(i) When all the elements in G are self-inverse elements, then

=2+ [(55)]

(i) When all the elements except the identity element are self-inverses, then

2 _
I(2) < %

(iii) When n is odd and there are | self-inverse elements in G, then

<52+ (57)+(7),
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Proof. Let —I's(G) be the negation of non-inverse signed graph associated with a group G.
—TI's(G) is a complete multi-partite graph with singleton sets containing self-inverse elements
and 2-element sets each containing an element and its inverse. We define a marking of the ver-
tices with “+” and "~ signs as follows. Arrange all the singleton partitions in the beginning
followed by the 2-element partitions so that we can alternatively assign the signs to the parti-
tions starting with either “+” or ' -’ sign. The vertices inside the 2-element partition receive the
same sign. To obtain the frustration index /(X), we remove one edge each from the odd cycle
consisting of all negative edges. This can be done by removing the edges joining two vertices
which have the same sign under the given marking. We obtain /(X) for the following cases.

Case 1. Let all the elements in G be self-inverse elements. Forn = 3,4,5,6,7, ..., the frustra-
tionindex [(X) < 1,2,4,6,9, ..., respectively. Therefore, in general, [(X) < {"Tf?’-‘ + {("772)2-‘
when all the elements in G are self-inverse elements.

Case 2. Let all the elements except the identity element be self-inverses. Then n must be odd
as the identity element is the only self-inverse element. Forn = 5,7,9,11,13, .. ., the frustration
index I(X) <2,6,12,20,30, .. ., respectively. Therefore, in general, [(X) < %.

Case 3. Let n be odd and there are | self-inverse elements in G. Then, forn = 5,1 = 3, we
getl(X) <3,forn=7,1=3wegetl(X) <7and! =5givesl(X) < 8,forn =9,] =3 we
get[(X) < 13,1 = 5gives [(X) < 14 and | = 7 gives [(X) < 15 and so on. Therefore, after
generalisation and simplification, /(X) < ("Tf?’)z + (%53) + <Z’Tl> , when 7 is odd and there
are | self-inverse elements in G.

It is difficult to generalise frustration index for the case when the order of the group n is
even and there are [ self-inverse elements in the group G.

3 Conclusion

In this paper, we define non-inverse signed graph of a group and characterise the graphs for
which non-inverse signed graphs and the negation of non-inverse signed graphs are balanced,
sign-compatible, consistent and k-clusterable. We also obtaine the frustration index of the i*-
signed graph. Further, we characterize the homogeneous non-inverse signed graphs and study
the properties like net-regularity and switching equivalence of non-inverse signed graphs.
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Hexait G — rpyma 3 6iHapHOIO omepatiero *. I'pad> 6e3 iHBepciii (ckopodeHo, i*-rpad) rpymu G,
SIKVIVE MM TIO3HauMMO I, € mpocTim rpacpoM 3 MHOKMHOIO BEPIINH, IO CKAAAAETHCS 3 eAeMeHTiB G,
Ae ABi BepumEM X,y € I' € cyciaHiMY, SIKIIO X Ta i He € iHBepcismu oaHa 0AHOL To6TO, X — i TOAL
i TIABKM TOAIL, KOAM X % Y # ig # Y * X, Ae ig — HeWTparbHMI eAeMeHT Tpymm G. VY 1iit cTaTTi MU
PO3LIMPIOEMO BUBYEHHS {*-TpadpiB Ha BMITAAOK 3HAKOBMX IpadpiB, BBOASUM i*-3HaKOBi rpadpu. Mu
XapakTepu3yeMo rpadpu, AAsI SIKMX i*-3HaKOBi Tpacpyt Ta HeroBaHi i*-3HaKoBi rpadpy € 36araHCOBa-
HIMM, 3HAKOBO-CYMiCHMMM, TOCAIAOBHVMY Ta k-kAaacTepmsoBarymy. Kpim Toro, Mu BM3Ha9aeMo iH-
Aekc dppycrpatil i*-3HaKoBoro rpadgpa. A0OAaTKOBO MU XapaKTepM3yeMO OAHOPiAHI 3HaKOBi Tpacou
6e3 iHBepCilt Ta AOCAIAXKYEMO TaKi IX BAACTMBOCTI, SIK MepeXkeBa PETYASIPHICTD i eKBiBaA€HTHICTD
BiAHOCHO MepecTaHOBOK 3HaKiB.

Kntouosi cnosa i ¢ppasu: arrebpaiunmii rpacp, rpadp 6e3 imBepcilt, 3HaxoBuMIi Tpad be3 iHBEpCiiL.



