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On generalized fractional integral operator involving Fox’s
H-function and its applications to unified subclass of
prestarlike functions with negative coefficients
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The aim of present paper is to find out different interesting properties and characterization of
unified class P,Y(A, B,a,0) of prestarlike functions with negative coefficients in the unit disc U.
Furthermore, distortion theorems involving a generalized fractional integral operator involving
well-known Fox’s H-function for functions in this class are proved.
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Introduction

Let A be the class of analytic functions in the open unit disc U = {z : |z| < 1} and S denote
the subclass of A consisting of functions of the form

f(z)=z+ i anz". (1)
n=2

Let throughout the paper -y be a real number satisfying 0 < ¢ < 1.
Let S*(y) denote the subclass of S consisting of functions which satisfy

Re {Z]{;S)} >, zel.

A function f(z) € S*(7) is said to be starlike of order v in U.
Also, K(7) denote the subclass of S consisting of functions which satisfy

zf"(2)
f'(2)

A function f(z) € K(1y) is said to be convex of order -y in U.

Re{1+ }>'y, z e U.
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Let T be the subclass of S consisting of functions of the form
f(z) =z— Z a,z", a, > 0. (2)
n=2

The class T is introduced and studied by H. Silverman [20]. A function f(z) € T is said to be
starlike of order v, denoted by T*(+y), and is said to be convex of order v, denoted by K*().
The function

S, (2) = z(1 —2)~20=7)
is the familiar extremal function for the class S*(7y). Setting

n

[1G—2v)

C(y,n) = %r neN\ {1}, 3)

where N = {1,2,3,...}, we obtain
Sy(z) =z+ ) C(y,n)Z".
n=2

Clearly, S,,(z) € S*(y) and C(1, n) is a decreasing function in < and it satisfies

1

oo, ’)/ < E/

lim C(y,n) =41 = 1
n—00 ! Y 5’
1

The convolution or Hadamard product of f(z) and g(z) is denoted by (f * g)(z). Where
f(z) is given by (2) and g(z) given by

Q(z) =z — Z b,z", b, >0,
n=2

then

(fxg)(z) =z— ianbnz".

Let R (A, B, ) be the class of prestarlike functions which was introduced by M.K. Aouf
et al. [1] and R, (A, B, &) be the subclass of A consisting of functions f(z) which satisfy the
condition

zh'(z)
8 iz <1
zh (z !
B ) —[B+(A—B)(1—a)]

where h(z) = (f *S,)(z), Aand Bfixed, - 1< A<B<1,0<B<1,0<a<1,0<y <1
The class C (A, B, a) also studied by M.K. Aouf et al. [1] and it is the subclass of A consist-
ing of functions f(z) such that zf'(z) € R, (A, B, «).
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Also we note that the subclasses

were introduced and studied by M.K. Aouf et al. [1]. In addition, we make a note that such kind
of classes were widely studied by T. Sheil-Small et al. [18], S. Owa and B.A. Uralegaddi [11],
S.K. Lee and S.B. Joshi [6], H.M. Srivastava and M.K. Aouf [22]. For other related interesting
topics one may also refer to M.K. Aouf and T. Seoudy [2,16], G.A. Anastassiou [4].

The following lemmas will be required in our present investigation.

Lemma 1 ([1]). A function f defined by (2) is in the class R, [A, B, a] if and only if

(e 9]

;C('y,n){(n—l)(l—l—B) +(B—-A)(1—a)}a, < (B—A)(1—a). (4)

The result (4) is sharp.
Lemma 2 ([1]). A function f defined by (2) is in the class C[A, B, «] if and only if

oozC('y,n)n{(n —1)1+B)+(B—A)(1—a)}ta, < (B—A)(1—a). (5)

The result (5) is sharp.
By considering Lemma 1 and Lemma 2, it would seem to be normal to introduce and study
a remarkable unification of the classes R[4, B, a] and C,[A, B, a] by introducing a new sub-
class P, (A, B,a,0). In fact, we state that a function f(z) defined by (2) belongs to the class
P,(A, B, «,0) if and only if
i {m—-1)1+B)+(B-—A)(1—wa)} (1 —0c+on)
= (B—A)(1—u«)
where —-1< A<B<1,0<B<1,0<a<1,0<y<1,0<0c<1.

Obviously, we have

P,(A,B,a,0) = (1—0)Ry[A, B,a] +0C,[A,B,«a], (7)

C(y,n)a, <1, (6)

where 0 < ¢ < 1. Then
Pr)/(A, B, OC,O) = Rr)/[A, B, 0(], Pr)/(A, B,“, 1) = Cr)/[A, B, 0(]. (8)

Also we note that by specializing the parameters A, B, « and 7, we get the following sub-
classes studied by various authors:

(i) P,(—1,1,4,0) = R, [a] (H. Silverman and E. Silvia [21]);
(i) Py(—1,1,&,1) = Cy[a] (S. Owa and B.A. Uralegaddi [11]).

Prestarlike functions have numerous significant geometric properties. For an enlighten-
ment of the fundamentals of the theory of prestarlike functions please refer to T. Sheil-Small
[19] and S. Ruscheweyh [15]. Additionally, the unified subclasses of prestarlike functions was
investigated by R.K. Raina and H.M. Srivastava [14] and subsequently by S.B. Joshi et al. [7].

The main goal of the present paper is to find out different interesting properties and char-
acterization of the general class P,(A, B,a,0). Furthermore, distortion theorem involving a
generalized fractional integral operator for functions in this class are proved.
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1 Main Results
Theorem 1. Let the function f(z) be defined by (2). If f(z) € P,(A,B,a, ) then

(B—A)(1—a)

TS S T = DA B) T (B A=) —oteny "ENVI
Equality holds true for the function f(z) given by
_ (B—A)(1—n) ;
J& === Clom{n—1)A+B) +B-A(A-a}dl-oton) ' "© N {1}

Proof. The proof of Theorem 1 is straightforward and hence details are omitted. O
Next, we will obtain distortion theorem for the class P, (A, B, , 7).
Theorem 2. Let the function f(z) be defined by (2). If f(z) € P,(A,B,a,0) then

(B—A)(1—n)

AP E-Aa-ara-nare F =V
(B—A)(1-a) ©)
S‘Z"" ’Z‘Z
2{1+B)+(B-—A)(1—a)}(1—7)(1+0)
and
(B—A)(1—a) /
AT BTG A0 - G-yt A @
<14 (B—A)(1—a) " (10)
= T {A+B)+B-AQ -1 -7)1+0) "
Proof. Let

f(z) =z— i anz".
n=2

Given that f(z) € P,(A,B,a,0) and obviously C(v,n) defined by (3) is decreasing for
0<y< %, then we find from (6) that

c (B—A)(1-w)
n;z“” S 0+ B+B-A)(1—-a)) 17 (1+0)

neN\{1}. (11)

Then by means of (2) and (11) for z € U we have

s (B—A)1-1)
NS R Yl < B iy + - A -y G- v o)

and

. Z_Zzoo a 2| — (B—A)(1—qa) 22
F@I 2 1el =~ 12 L el > ||~ s - A —ay A= v o)

4

which gives the inequality (9) of Theorem 2.
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Also for z € U we find that

, o (B—A)(1—a)

N O (R e e ) e e
and

1 S 1 (8- 410 Z

FEI=1=E Ll 2 R G- Aa - AT o)

which gives the inequality (10) of Theorem 2. Hence the proof is completed.
Finally, it is easily seen that the inequalities (9) and (10) is sharp for the function f(z) given

by

(B—A)(1—a) 2
_ 12
f&) = B+ - A -0} - +0) - (12
O
2 Closure theorems
Theorem 3. The class P, (A, B,«, o) is closed under convex linear combinations.
Proof. Let f1(z), f2(z) € Py(A, B,a,0) and
filz) =z—= Y aZ", folz) =z— ) bu2".
n=2 n=2
It is sufficient to prove that the function H defined by
Hz) = Mi(z)+ (1- Mf(z), 0<A<1,
is also in the class P, (A, B, a, o). Since
H(z) =z— Y [Aay + (1 —A)b,lz",
n=2
we get
2 {(n—1)(1+B)+(B—A)(1—-a)} (1 —0c+o0n)
C(vy,n)Aa, + (1 —A)b,| <1.
)y V(Y (7, m) Ay + (1 =AYb
Hence H € P, (A, B, a, ). This completes the proof. O
Theorem 4. If f1(z) = z and
fu(z) =z — (B—A)(1-x) Z", n>2,

Cly,n){in—1)(1+B)+(B—A)(1—a)} (1 —0c+on)
then f(z) € P,(A, B,«,0) if and only if it can be expressed in the form

f(z) = i Anfa(2),

where A,; > 0 and Z Ap=1.

n=1
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Proof. Let

_yv N s ¥ (B—A)(1—a) 1
f(z)—n;lAnfn()— n;zc(%n){(n—l)(HB)+(B—A)(1—a)}(1—a+an))‘”

(o]
=z Z a,z",
n=2

where
_ (B-A)1 - )
" ) (=D B+ (B—A)A—a) A —cFom) =0 =2
Clearly,
o (B— A)(1—a)
= 1Cy,n){(n—-1)1+B)+(B—-A)(1—-a)}(1-0c+on)
y Cly,n){in—1)(1+B)+(B—A)(1—a)} (1 —0c+on) A
B—A)1—a) !
=) M=) Ai—A=1-X<1.
n=2 n=1
Hence f(z) € Py(A,B,ua,0).
Conversely, assume that f(z) € Py (A, B,«,0) and
_ (B—A)(1-a)
= (=D B + (B—A)A—a) (A —crom) n=0 122
Set
_ Clyn){(n=-1)A1+B)+(B-A)(1—a)} (1 —c+on)
An = CEAE) =
and -
M=1-) A,
n=2
Hence we can see that o
f(z) = ;)‘nfn(z)
Thus we complete the proof of Theorem 4. O

3 Generalized fractional integral operator

Fractional calculus has gained great importance during the last three decades due to its
applications in various fields of science and engineering such as probability, fluid flow, elec-
trical networks, and rheology. In recent years, the theory of fractional calculus operator has
been effectively applied to analytic functions. Furthermore generalized operator of fractional
integrals (or derivatives) having kernels of different types of special functions (like Meijer’s G-
function or Fox’s H-function) have generated strong interest in this area. For additional excel-
lent information one may refer to V.S. Kiryakova and H.M. Srivastava [10], H.M. Srivastava and
S. Owa [23], K. Uma et al. [24], V.S. Kiryakova [8,9], R K. Raina and M. Saigo [13], H. Amsalu
and D.L. Suthar [3], S.K. Sharma and A.S. Shekhawat [17] and R.K. Raina and M. Bolia [12].
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L. Galue et al. [5] defined a multiple Erdelyi-Kober operator of Riemann-Liouville type
involving the well-known Fox’s H-function as below.

Definition 1. Let m € IN, B, Ay € R and v, 6 € C,V k = 1,2,...,m. Then the integral
operator

(Ym),(6m) (vt ym) (61,0-0m)
Ly oot ) = g0 ) ey (2)

1% o t(”‘”’f“ B m)m

m
DE /0 Hii |2 PO pe e, if Y Re() >0, (13)
<’Y +1- )\k’)\k) k=1

f(Z), 1f5k = Oand,Bk = Ak,k— 1,...,71’[,

is said to be a multiple Erdelyi-Kober operator of Riemann-Liouville type of multiorder
0=1(01,--.,0m)-

V.S. Kiryakova [8] denote by A a complex domain starlike with respect to the origin z = 0.
Also A(A) denotes the space of functions analytic in A. If A,(A) denotes the class of functions

8) = {f(z) = #f(2) : f(z) € A(BD)}, 20,

then clearly A,(A) C Ay(A) € A(A) forp > v > 0.

It is interesting to observe that the multiple Erdelyi-Kober operator (13) of Riemann-
Liouville type includes a range of important and considerable fractional integral operators
as special cases. For more details, one may refer to R.K. Raina and M. Saigo [13].

(A +k

Throughout this paper (1), = %

The following property of the operator (13) was derived by L. Galue et al. [5] and is needed
in present investigation.

m m

Lemma 3 ([8]). Let v, > —— -1,6,>0Vk=1,. Z % ,3 . Then the operator
k=1 —1 Pk

I ((ﬁ,:)) ((5;”1)) maps the class AP(G) into itself preserving the power funct1ons f(z) =z (uptoa

constant multiplier), namely

Om {ZP} _ m { T (%{ + Yk + 1) ) } 7P (14)
=1

r(%+vk+5k+1

Theorem 5. Letm € N, hy,gr € Ry and vk, 0 € Rsuch that 14+ v+ >0,k =1,...,m

Let . 200)
m + g+
I (1+ 7+ 28k) <1 (15)
0 | 7+ 0+ 20),,
and f(z) defined by (2) be in the class P, (A,B,a,0) with -1 < A < B <1,0< B <1,

0<a<1,0<vy<20<0<1 Then

() (6m) , n [ (1T+ 7+ 8k)
I( m)(gm );m f( )‘ 2{E<F(1+7k+5k+hk)>

y @Z'_ ¥*(B—A)(1—a) |Z|2]
2{(1+B)+ B-A)(1—-a)} (1 —9)(1+0)

(16)
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(vm),(é) I P+ v tgr)
L, ,1);mf(z)) _{ [l <T (T + 7k + 6k + hy)

(17)
Y (B—A)(1—a)
|+ T me A e }

for z € U. The inequalities in (16) and (17) are attained by the function f(z) given by (12),

where
. (T+ 7k + 8y,
v=11\q S + '
ot | (X 7k + O+ ),

Proof. By making use of Lemma 3 and from f(z) given by (2), we get

(9, (Om) T T (1+ 9+ 8k o T (149 +ng) n
I(hal),(g,;l);mf(z) B H{r(1+vk+5k+hk - ) H 1+’)/k+c5k—|—nhk) Iz

=1 n=2 k=1
Taking
_ m I (1 + 7+ (Sk + gk) (ym),(6m) o 1) )
Vi) = ;g { T (14 yp+ hy) I(hrgl),(g,;l);mf(z) =z n;zl/’(”)ﬂnz ,
where

n (1 + Yk + gk)gk(n—l)
= , N\ {1}.
v ;g { (L4 7k + 6 + )y (1) neNAL)

By the hypothesis of Theorem 5 (along with the conditions (15)), we can observe that i(n) is
non-increasing for integers n, n > 2, and we get

0<yp(m) <p2) =11 (L4 7k + 0 + I )y,

k=1

} =¥, neN\{1}. (18)

Now by using equations (6) and (18), we get

V()] > 2| - p(2) |z|2§an _{ I1 ( 1+1jk?f§;g+k);zk>)

y {|Z| B ¥*(B—A)(1—«) |Z|2]
2{(1+B)+(B-A)1—-a)} (1 —=7)(1+0)

and

V@I < -+ 9@ 2 1o <{ﬁ< GE=aan)

k=1

<[+ F1(E—4)1 ) =f
2{(1+B)+(B-A)(1—-a)} (1 —9)(1+0) '
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Finally, it is easily verified that the following inequalities are attained by the function f(z)
given by (12), namely

(Ym),(Om) > - r (1 + Yk + gk)
g o (Z)’ —{ ,El (F (1 + 7 + Ok + hy)

[12\ _ (B —A)(1—«) ,Z‘z]
2{1+B)+(B-A)(1-a)}(1-7)(1+0)

X

and
(), (6m) (T + v+ 8
g o (Z)‘ —{ ,El (F (1 + 7+ 6k + hy)
Y*(B—A)(1—«) 2]
<o+ s mr At - maea ) )
which are required in (16) and (17). This completes the proof. O
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Meroto Hi€l cTaTTi € 3HAXOAXKEHHS Pi3HMX IIiKaBMX BAACTUBOCTEN Ta 3apaKTepy3amii yHidikoBa-
Horo kaacy Py (A, B,a,0) nepeasipuactux dpyHKIii 3 Bia'eMHMMY KoedpillieHTaMM B OAVHIUHOMY
Avcky U. BiAbII TOro, My AOBOAMMO T€OPEMU CIIOTBOPEHHST AASI (PYHKIIIN 3 IIbOTO KAACY, SIKi BKAIO-
YalOTh y3araAbHEeHWIT APOOOBIIA iHTETpaAbHII OllepaTop, IO BKAIOYae Biaomy H-dyHkiiro doxca.

Kntouosi cnosa i ¢ppasu: oaHOAMCTA (PYHKIIiSI, TeOpeMa CIIOTBOPEHHSI, TlepeAsipyacTa pyHKIIis.



