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LITOVCHENKO V.A.

PARABOLIC BY SHILOV SYSTEMS WITH VARIABLE COEFFICIENTS

Because of the parabolic instability of the Shilov systems to change their coefficients, the def-
inition parabolicity of Shilov for systems with time-dependent ¢ coefficients, unlike the definition
parabolicity of Petrovsky, is formulated by imposing conditions on the matricant of corresponding
dual by Fourier system. For parabolic systems by Petrovsky with time-dependent coefficients, these
conditions are the property of a matricant, which follows directly from the definition of parabolicity.
In connection with this, the question of the wealth of the class Shilov systems with time-dependent
coefficients is important.

A new class of linear parabolic systems with partial derivatives to the first order by the time ¢
with time-dependent coefficients is considered in this work. It covers the class by Petrovsky sys-
tems with time-dependent younger coefficients. A main part of differential expression of each such
system is parabolic (by Shilov) expression with constant coefficients. The fundamental solution of
the Cauchy problem for systems of this class is constructed by the Fourier transform method. Also
proved their parabolicity by Shilov. Only the structure of the system and the conditions on the
eigenvalues of the matrix symbol were used. First of all, this class characterizes the wealth by Shilov
class of systems with time-dependents coefficients.

Also it is given a general method for investigating a fundamental solution of the Cauchy prob-
lem for Shilov parabolic systems with positive genus, which is the development of the well-known
method of Y.I. Zhitomirskii.
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INTRODUCTION

In [1] G.E. Shilov formulated a new definition of parabolicity of systems of partial differen-
tial equations which generalizes the notion of parabolicity by I.G. Petrovsky [2] and leads to a
significant expansion of the Petrovsky class of systems appearance

dru(t; x) = P(t;i0x)u(t;x), (t;x) € g := (T T] xR, T € [0;T). (1)

Here i is imaginary unit, u is unknown vector function of m dimension, P(t;idy) is matrix
differential expression of p € IN order with ¢ time-dependent coefficients.

If coefficients of system (1) are constants and P(t;idx) = P(idy), parabolicity by Shilov is
defined like parabolicity by Petrovsky: by imposing conditions on the real part of the charac-
teristic numbers A;(-) of matrix symbol P(c), o € C", of differential expression of system (1):
exists h > 0, exists §g > 0 and exists §; > 0 for all ¢ € R” such that

max ReA; (&) < —do||&[|" + 61 2)
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146 LITOVCHENKO V. A.

Here 1 is index of parabolicity of system (1), 0 < h < p; Ny, := {1,2;...;m}, || - || := (-, /2,
(+,-) is scalar product in R".

If the coefficients of system (1) depend on ¢ (continuously), it has, unlike parabolicity by
Petrovsky, parabolicity by Shilov for this system with the index of parabolicity # means per-
formance for the matricant @.(-), 0 < t < t < T, of corresponding dual by Fourier system
following estimate [3]:

©L(&)] < c(1+[|g]M)e DRI, (58) € My 3)

(here y := (p — h)(m — 1)). Let’s note that for parabolic by Petrovsky systems (1) condition (3)
is characteristic property which is a direct consequence of the relevant condition of parabolicity
of type (2). For parabolic systems (1) with dependent on ¢ coefficients in the case of p # h it
is not possible to confirm this fact by means of classical theory of parabolic systems, generally
speaking, due to the parabolic instability of such systems to changing of their coefficients [4].
So the information about the richness of Shilov class of systems with coefficients dependent
on ¢, in particular about the examples of such systems which are not parabolic by Petrovsky is
important.

In this paper a new class of systems of partial differential equations whose coefficients
depend on t is defined; it is substantiated their parabolicity by Shilov and examples are given.
This class of systems characterizes the richness of Shilov class of systems with depend on ¢
coefficients. In addition, estimates of the derivatives of the fundamental solution of the Cauchy
problem (FSCP) are established for parabolic by Shilov systems with coefficients dependent on
t the genus of which is positive.

The study FSCP for Shilov-type parabolic systems with coefficients independent of t was
carried out in the papers [3,5-7] and scalar parabolic equations by Shilov, whose coefficients
can depend on t was carried out in the papers [8-11].

1 PRELIMINARIES

Let R" and C" are respectively real and complex space of n dimension, R := R, 7' is
the set of all n -dimensional multi indices; |x + iy| := (x> + )2, {x,y} C R, |(al]-)}7j].:1| =
Iy ! ho.— h h O N n
max |aj|; 2} =z}, zi |z =z | |z 2| =z, iz = (25 2) € CF,
{l]}c]Nn,‘ l]’ 1 n ‘ ’+ ‘ 1‘ ’ n‘ ‘ ’+ ’ ‘+ ( 1 n)
l:i=(l;...;ln) €Z and h > 0.
We shall consider the system (1) with matrix differential expression

m
P(t;i0y) < Z a kl+a’<>
lkl+<p 1j=1

of p order coefficients a;(](-) of which are continuous complex-valued functions on [0; T]. We
shall suppose that this system is parabolic by Shilov on the set I, with the index of parabol-
icity h, 0 < h < p, consolidated order py and genus y [3].

Let’s remind now that matricant @ (-) of appropriate dual by Fourier to (1) system has the

structure
o t t trq

@Q(g):E+r_Zl//.../ (gp(t]-;g))dtr...dtzdtl. @)
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Here E is the identity matrix of m order. Hence, it abides bound
|IP(t;0)| <c(1+|c|?), 0<t<T,oceC"

we obtain that
0L (0)] < coet=DlW o<t <T,0ceC” (5)

(here cg and Jy are positive constants which are not dependent on 7, t and 0).

The exact order of exponential increase of matricant @ (-) in complex space C" is called
the consolidated order p of the system (1). Always p > po > 1 for parabolic systems [3].

The genus of parabolic by Shilov system we shall call the maximum rate y such that in the
domain

Ky ={¢ +in € C*+ [y < K1+ [[¢]))"}
with some K > 0 for matricant the following estimate holds
©L(& +in)| < c(1+ [g|Me DI o< T <t < T, ©)

In [3] it is established that 1 — (pg — h) < u < 1.

2 ONE CLASS OF PARABOLIC SYSTEMS

Let’s consider the system of equations
opu(t; x) = {Po(idx) + P1(t;i0x) fu(t;x), (x) € i, TE[0T), (7)
with p € IN order in which u := col(uy, ..., um),
Py(idy) := < Y aﬁgilhaﬁ;) , Pi(tidy) == ( Y aﬁj(t)ikhag;)
lkl+<p Lj=1 kl+<p1 Lj=1
We shall assume that corresponding system
du(t; x) = Po(idx)u(t;x), (£ x) € M), (8)

on the set I'(,,7] is parabolic by Shilov with constant coefficients and index of parabolicity h
and coefficients of differential expression P;(t;idy) are continuous complex-valued functions
defined on [0;T] with the values p, p; and & satisfying condition

0<pi+(p—h)(m—-1)<h. (A)

Examples of system (7) with condition (A).

I. Each parabolic by Petrovsky system (1) of p = 2b order, b € IN, with constant coefficients
of group of senior members and dependent continuously on ¢ coefficients of group of younger
members is a system of kind (7) with condition (A). Because in this case p = h = 2b, p; =
2b — 1 and respectively

O<pr+(p—h)(m—1)=2b—1<2b=h,
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ILLetn =1,m =2, a>0icj(-), j € Ns, are some continuous on [0;T] complex-valued
functions. Then the system

{ Oy = {—ad} +c1(£)02 uy + {93 — 93 + co(+)dx buy,
gz = {(cs(t) —1)a3}ur — {ady — ca(t)d3 — c5(t) buz,

is the system of kind (7) with condition (A). Indeed, putting

. —ao% 90 —-93
Py(idx) = < _a3x x_aa4x >,
X X

. Cl(t)az Cz(t)ax )
Pi(t;i0y) = X
16530 = (0% 9t o
and solving the appropriate equation
det(Py(0c) —AE) =0, o e,

we obtain that A 5(0) = —ac* +iv o8 + 06, p =5, p; = 3ih = 4. For these values p, p; and h,
obviously the condition (A) holds.

Theorem 1. Let (7) is system with continuous coefficients for which the condition (A) holds.
Then for matricant @ (-) of appropriate dual by Fourier system on the set Hm, 7€ [0;T),
the estimate (3) holds.

Proof. Let’s write down appropriate dual by Fourier system to (7):
orv(t;8) = {Po(8) + Pi(t;0) }o(t:E),  (5E) € T )

With the continuity of the coefficients matricant @ (+) is the only solution of the Cauchy prob-
lem for system (9) with the initial condition

Z)(t; ) |t:T: E. (10)

Then the following equality holds

010 (8) = Py(8)0%(¢) + Q(T, £ 8). (11)

Here Q(7,t;&) := Py(t;&)®L(Z). Solving the Cauchy problem (11), (10), we obtain such repre-
sentation:

Ok (g) = el 1 / Qv B )dp, (158) € i), T € [0:T).

Hence, it abides performance of estimate (3) for eI=DP() because el =T () is matricant dual
by Fourier system to (8) and inequality

QT )] < co(L+IEIM)O(@)], (£¢) € igr), TE[0;T)
(here positive constant ¢y does not depend on 7, t i ¢), we get the estimate

t
O] < e(1+ (1§t -0 (14 J2]7) (1 + 1€]17) / e o-PIEI R g) dp,
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from which we come to correlation

Ot (&)[edt-DlEl"
(1+[I817)

LB s(B—1)&|"
< c+c1(1+H€||”)(1+|I§H‘”)/ |®Tg)f|\€|l”)

Using now Lemma of Gronwall [12] we obtain

h_
©L(8)] < c(1+ [|g][)e D @RIl IIMATIEI) (¢ ay e 110, T e [0;T).

From here considering the condition (A) we come to existence of positive constants ¢ and ¢
with which for all (;¢) € I, T € [0;T), bound (3) holds. Theorem is proved. O

Corollary 1. System (7) with condition (A) is parabolic by Shilov system with coefficients
dependent on t and index of parabolicity h.

3 PROPERTIES OF FSCP

Let (1) is parabolic by Shilov system with continuous on [0; T| coefficients. Solving this
system by Fourier transform we obtain a representation of the fundamental solution of its
Cauchy problem:

G(t,t;-) = FHOL®)(t,t;-), 0<Tt<t<T

(here F~1[-] is inverse Fourier transform and @L (+) is appropriate matricant (4)).
The following statement holds.

Theorem 2. Let the system (1) is parabolic by Shilov with dependent continuously on t co-
efficients and positive genus yu. Then its FSCP on the set R" for spatial variable is infinitely
differentiable function such that exists {c, B,0} C (0;+o0) forallk € Z" , Tt € [0;T), t € (7; T|,
x € R" such that

1
n -+ (sl \T=
95G(T, 5 1)| < et — 1)~ ikl o= () T

herewa := u/py.

Proof. Let’s consider the matrix function

Ykl 4

(p';t(x) = (t—1) *el(x), keZ', xeR", 0<T<t<T,

which obviously continues in a complex space C" to an entire analytic function at each fixed
k,tand T.
Directly to the condition (3) we obtain that

)X h
oy (3)] < c(t =) (14 [|x||)e 0Dl

= C<((t — Ol (¢ =) F + (=)l )””'*)emrw

|
< T} (sup {(;" e 25} +sup {(;" T 5}) ~2(=0)lxl" \where Ty = max{1, T}.
¢=0
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Hence, taking the equality

B
sup{cPe %%} = <ﬁ> , B>0, 6>0, (12)

£>0 ed

into account we come to existence of positive constants cj, By and é; such that for all x €
R", ke Z", 1€ [0;T) and t € (1; T| inequality

19k (x)] < e BIF Kk e (=) "

holds. Similarly way due to the definition of genus y of parabolic system (1) we come to such
an bound of matrix function q)’;,t(-) in the relevant domain K, C C" :

9% (x +iy)| < B ke 20" ke zn o<T<t<T (13)

(here positive constants c;, B, and J, do not depend on k, x, y, T and t). In addition, using the
estimate (5) and the equality (12) we obtain inequality

|9k 4(2)] < csBYl kRSO ke zn, s, 0<T<t<T, (14)

with an estimated constant not dependent on k, z, T and t.

Note that when p > 0 estimate (14) can be specified. Indeed, letz = x + iy € C" \ K, then
inequality |ly||/K > ||x||* holds. From here, the estimates ||z|["* < ¢(||x[|P° + ||y||*?), z € C"
and (14) taking into account that u < 1forallz € C" \ K, T € [0;T) and t € (7; T| we obtain

1 h 5, h
9% ,(2)] < C3ng|+kkge—5z(t—T)I\XH (t=T) (B3 1z[[Po+32|x[|")
.
< ¢yt et=7) (Bl ¥ —zlx]")

(here estimated constants also do not depend on k, z, T and t). If we now consider estimate (13)
then we come to this statement: exists {c, B,d1,8,} C (0;+c0) forallz =x+iy € C", k € Z",
T € [0;T) t € (7; T] such that

P
9% 1(2)] < cBIM ikl e(t=D) (aulll * ~ealll?) (15)

Further, according to Cauchy integral formula we have

noqi! k. (o)do;
azqo’;,mx)zni/%, kgt CZlL,xeR,0<T<t<T,  (16)

=1 27 (0 = %)

i
here I'g; is circle of radius R; with center in the point x;.
LetI'g :=I'g, x ... x I'g,. Let us denote c* = {* + in* is the point from I'g such that

k k
|97,+(07)| = max gz (o).
cel'g
Since the coordinates (7]?" of the point c* arein T’ R; then the equality

(& —x)* + 1> =R}, j €Ny,
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holds and implies such correlations:
& = x| <Ry, |j| < Rj, j € Ny 17)
Taking into consideration all above mentioned, estimations (15), inequality
n ) < |x|F < ?x|, r>0,x € R
+ = —= +7 7 7

and (16) for 1 > 0 we obtain for all R]- > 0,7 €Ny

po/ K -
019k (x)] < Bkl ik H]Z]/ (=) (BiRFO =b5\ | (18)
j=1
(here 67 =: 5171%)‘ and &, := 6,/n).

Let us take radiuses R]- such that the ratio e
put

t—7)8,RFO/H j ..
(t=T)o1R; / R?] reaches a minimum. Then we

. #/po
R]' = <q]7yA> p ] € IN,,.
(t —T)o1p0
Then bound (18) is reduced to
\a?c¢]§,t(x)\ < cB‘k|+((t _ r)epoc?l/y)”m'*/pokk%qq( —%)ef(tfr)ﬁzw*‘li. (19)

(K| xx|h
Next, let’s estimate the exponent e (t=)ealEj | ,] € Ny.
I£2|¢7] > |xj| then we have

e (DR o~ (t-D)ba(|x;1/2)",

If |x;| > 2]@;“ | then according to (17) the following inequalities hold:

h *h s11h h s 1h Hx]‘_’C]*Hh
R > [xj = ¢i|" = [|xj| = &7 1[" = (Ix]" = [¢7 ] )W
] j
> (" — &M= lg 1/l > (1" = (e 72",

and
" =g " < (2R))".
Then — (&7 |" = —|x;|" + (|x;" — |&7]") < —|xj[" + (2R;)" and

(L axlh (=) 2| S (+— n e e
PG e G D LT Gt S N V)

From here and the astimate (19), abides by that

. h/ ‘ h/
(t— T)R! = (t — 7)1/ Po <?J_V>V P ri=mh/rm < 9 )” Po
! 51170 N 51]70

_ h/ .
:cq}l P < cqj, j €Ny
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If u > 0 we get the next statement: exists {c, A, B,6} C (0; +o0) forall {k,q} C Z",7t € [0;T),
t € (1; T], x € R" such that

0995 ,(x)| < c((t — T)* A)lal Bkl gk ga(1-0)p = (=)ol (20)
Directly from the estimate (20) and the definition of matrix function q)’;t(-) and with the
equality

(131256 (1, ) = (=) () (e — 1) [ gk, (@)e T De,
]Rﬂ

we obtain that

RAG(r, )] < colt =) H B ([ Tint (= oAyl 0} )

j=1 qj

1
+y+]k| _ x| T«
< c(t — 1) gkl (o)

4

forallk € Z",x € R"and 0 < T < t < T, while estimated constants c, B and § do not depend
on t, T,k and x. Theorem is proved. ]

4 CONCLUSIONS

Parabolic systems of Shilov type are parabolically unstable systems to a change in their co-
efficients, in contrast to Petrovsky’s parabolic systems. In this respect, information is important
about parabolic systems with variable coefficients that significantly extend the Petrovsky class
in the Shilov class and allow us to use the means of the classical theory of the Cauchy problem
for their investigation. The class of systems defined in this article is such. The presence of this
class, in particular, convinces that the class of Shilov vector equations with variable coefficients
is not exhausted by the class of Petrine systems with time-dependent coefficients, but is much
wider.

The obtained here estimates of the fundamental solution of the Cauchy problem for Shilov
parabolic systems with coefficients that depend on ¢ important to establish the correct solv-
ability of the Cauchy problem in various functional spaces and, in the study of properties of
solutions to this problem.
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UYepes mapaboaiuHy HecTilikicTs cucTeM IlnaoBa A0 3MiHM CBOIX KOedillieHTiB, O3HaAUeHHSI TTa-
paboaiunocti 3a [IAoBUM AAST cCTeM i3 3aAeXXHMMM Bia dacy f koedpillieHTaMy, Ha BiAMiHY Bia
napaboaiurocTi 3a [TeTpoBChbKIM, POPMYAIOETHCS IIIASIXOM HaKAaAAHHS YMOB Ha MaTPUMIIAHT BiA-
mIoBiAHOI ABoicTOI 3a Dyp’e cmcTemn. Aast mapaboaiurmx 3a [TeTpOBCHKMM CHCTEM i3 3aAeXHIMNI
Bia "acy KoedpillieHTaMM I1i YMOBM € XapaKTePHOIO BAACTUBICTIO MaTPUIIAHTA, SIKi BUILAMBAIOTH 6e3-
TIocepeAHbO i3 O3HaUeHHS mapaboAiuHoCTi. VY 3B'53Ky 3 IMM, HabyBa€e aKTyaAbHOCTi IIMTaHHS PO
bararcTso xaacy Ilmnaosa cucrem i3 3miEEMMY KoedpiltieHTaMIL.

Y aaHiit pob0Ti HaBeAeHO HOBMIT KAAC AiHIHIX TapaboAiUHMX CMCTeM piBHSHD i3 YaCTVHHIMM
TIOXiAHMMM TIEPIIIOTO TIOPSIAKY 3a f i3 3aAeXXHMMM Bia Uacy KoedpillieHTaMM, SIKMII OXOIIAIOE KAAC
IleTpoBCHKOTO CMCTEM i3 MOAOAIIIMMY KoedpillieHTaMM, 3aAeXXHMMM Bi t. ToAoBHA yacTuHa Andpe-
PeHIIiaABHOTO BMpa3y KOXHOI Takoi cyucTemy € mapaboaiurmm 3a [lInaoBuM Bupas3oM i3 cTaAmmm
koedpirienTaMn. MeToaoM nepeTBopeHHS Dyp’e Mo6yA0BaHO PYyHAAMEHTAABHIMI PO3B’SI30K 3aAadi
Kori AAST cycTeM IIBOTO KAACY Ta O6rpyHTOBaHO iX mapaboaiunicTs 3a lInaosum. ITpu nboMy BuKo-
PVCTaHO AMILIe CTPYKTYPY CUCTeMM Ta YMOBM Ha BAACHI UMCAA il TOAOBHOTO MaTPMYHOTO CUMBOAY.
Llet1 kAac, mepea yciM, xapakTepusye bararcrso kaacy IlInnaosa cucteM i3 sMiHHMMY KoedpillieHTaMu
Ta HeBUYEPIHICTB Jioro cuctemamu Ilerposebkoro.

TaxkoXx HaBeAeHO 3araAbHMI METOA AOCAIAXKeHHS (pyHAaMEeHTaAbHOTO po3B’si3Ky 3asaui Komri
AAsI Tapaboaiunmx 3a IIMAOBMM cHcTeM, SIKMIT € PO3BUMHEHHSIM BiaoMoro MetoAy S1.I. JKurommp-
CBKOTO.

Kontouosi cnoea i ¢ppasu: mapaboaiuna 3a Illmaosum crcteMa, PyHAAMEHTAABHMIA PO3B’SI30K, 3a-
Aava Kormi.



