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POINTWISE STABILIZATION OF THE POISSON INTEGRAL FOR THE DIFFUSION
TYPE EQUATIONS WITH INERTIA

In this paper we consider the pointwise stabilization of the Poisson integral for the diffusion type
equations with inertia in the case of finite number of parabolic degeneracy groups. We establish
necessary and sufficient conditions of this stabilization for a class of bounded measurable initial
functions.
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INTRODUCTION

In this paper we consider pointwise stabilization of the Poisson integral for diffusion type
equations with inertia which have finite number groups of variables with diffusion degenera-
tion.

Stabilization problems for solutions of the Cauchy problem for parabolic equations were
studied by S.D. Eidelman and V.P. Repnikov [1, 2]. Necessary and sufficient conditions of
pointwise stabilization of the Poisson integral for the Kolmogorov equation were obtained by
S.D. Eidelman, V.P. Repnikov and G.P. Malytska [3, 4]. Generalization of these results in the
case of three degeneration groups can be found in the work [5].

1 INOTATIONS AND PROBLEM STATEMENT

Let x := (x11/x12/---/xlnl;---/'xkllkaI---/xknk;---;xplzpo/---/xpnp;xp—i-l,l/---/xml)/
_ 4

n>n>--2>2n>1lmneNk=1LppeNm=>p Yn+m—-p=mn xeR"
k=1

Consider the Cauchy problem

P m
O (b,x) = Y Y xpjO 1t (£%) = Y 9%u (t,x), (1)
k=1j=1 =1 '
u(t,x)li=r =up(x), 0<T<t<T <400, x e R", (2)
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where 1 (x) is a Lebesgue measurable and bounded function in R”. The fundamental matrix
of solutions G(t — 7, x, §) witht > 7,x € R",{ € R" of the Cauchy problem (1), (2) was found
in [6]. Hence,

Glt—7,%,8) = ) "(t— 1) I1 TLk(k+1)...(2k—2) 2k — 1)t pliwed),  (3)

v=1k=1

where

plt7,8) = L o ~gaPae=)” Ly (k= P82 2k =3Pk =1)

v=1k=2
k 1 k=2
(t—)~@-0| L el (e 1)(t—r)2‘1+...
j=0 j=0
_ - 1) () kD Al (-
(1) 121(2141) (21+}Ef(2{721))(21+2(k )—1) (t(kljl)! ('g Xy ]]' 7)i _e)4
(—1)k=1(t—7) (k1) 2 " kil(”k_l)z
L =) (1 =8n)| p=5+=7—

Here p(t,x;0,¢) = 2 is the family of surfaces of the fundamental solutions of the problem (1),
(2). Let us denote by Fr’fgo a figure which is bounded by the ellipsoid

p(t,x;0,8) =712, (4)

where ¢ is a variable. Let v, be the volume of the figure which is bounded by the surface
p1(a) =1, where

m m ny

p1(a) = r i+ L kZZ(%k— (2k = 3)"2(2k = 1)V2(k — 1) ")

Let Mf (r) is the average of uo(x) with respect to F;'; which is bounded by surfaces (4).

Definition 1. Function uo(x) has threshold average M*(r) on bodies F}, if there exists the
following limit tlim M (r) = M*(r).
—00

2 POINTWISE STABILIZATION OF THE POISSON INTEGRAL OF THE CAUCHY PROBLEM (1), (2)

Theorem 1. If uy(x) has a threshold average on ellipsoids Frx to, which almost for all r is equal

to M*(r), then the Poisson integral of the equation (1) stabilizes (as t — o) to the number

+o00
1= (2m) 7%, / P e MY (1) dr.
0

Proof. Consider the Poisson integral of the equation (1)

u(t, x) = / G(t,x;0,&)ug(¢)de. 5)
Rﬂ
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Let us make the following change of variables

( Xy1 — Gyl = _2t1/2“v1/ v=1,m,
k—1
(k—1)k...(2k — 3)(2k — 1)/~ *F [ = % —
]:
k-2, T
(T )t
j=0
1) () D 21204 1)... (20 (k1) —2) (214 2(k—1)~1) ('S X (t=1) 6
+ )(kEJ)f) S £“(21—1¥ S <j§% I]j! “C&z) ©6)
k=1(p_—\(k=1)
Fo o (=1)R2(F = 1) kD) xvzki/lZ)-i‘((tZkT);)vl 4 = 1)km(étkf2)) (x1 _gvl)}
= —(ayr — (2k =3)2(2k = D)V (k= 1) Payp_g + - 4 (=) ]
I+1)... 20+ (k=1)—2)(2k+2(k—1) = 1)(2k — 1)"Y2((2(k — 1) — 1))~ ?
k—D712k 1) -2+ .+ (=D 20,2k —1)V?), v=T1,p k=1n,.

\

Then equation (5) takes the form
u(t,x) = 70 %/2 [exp{—p1 (@) }uo(& (e, x, ), )
RX

where uy((a, x, t)) is the value of uy(¢), and ¢(a, x, t) is determined by the system (6). Let us
consider positively defined quadratic form

m ny
= Z Z Cukj®vk&yj,
v=1kj=1
and respective family of disjoint ellipsoids
m ny
_ 2
Z Z Cvkj“vk“vj =71.
v=1k,j=1

In the integral (7) we consider new integration variables

ap; = r®(¥) cos ¥y,
a1 = r®(¥) sin ¥ cos ¥, ®)

where 0 <7 < +00,¥ = (¥1...¥,1),0<¥; <7, j=1,n—2,0 <¥,_1 < 27 The function
®(Y) is defined by the equality

where oclll = cos ¥y, Dé/12 =sin¥Yycos¥Y,,..., «x;nl =sin¥;sin¥,...sin¥Y,_>cos¥,_1. Note
that | = #"~1]; is the Jacobian of the transformation (8), where

J1 = ®"(¥)sin" 2 ¥ sin" 2 ¥,...sin¥,_;.
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Let us denote ug(t,7,'¥, x) := up(¢(a, x,t)), where a is defined by (8). Then we obtain

400 +o00 r
u(t,x)= n_”/2/r”_le_rzdr/uo(t, r,‘P,x)]d‘Y:rc_”/z/e_rZ%/p”_ldp /uo(t,r,‘lf,x)hd‘lfdr
0 5 0 0 o

—+o0 r
= Zn_”/z/ re"z/p”_ldp /uo(t,r,‘i’,x)]d‘{’dr,
0 0 P

where X; is the unit sphere in IR”, ] is the Jacobian of the transformation (8). Therefore for
M (r) we have

—+00 r
u(t,x) =2m""?v, / r”“e’rz(r"vn)’l/p”’ldp/uo(t, r,¥,n)Jd¥dr
0 0 ¥
—+o0
=21 "2y, / P e M (r)dr.
0
It remains to pass to the limit in the above integral as t — oo. It can be done according to
the Lebesgue theorem because there exists a threshold average. From boundedness of u((x)
immediately follows uniform boundedness of M} (r) by ¢.
Note that it is sufficient to show the existence of threshold average in some fixed point
x1 that leads to existence of threshold average in any point x and to stabilization at every
compact. O]

Theorem 2. Let ug(x) > 0. For stabilization of the Poisson integral (5) to zero it is necessary
and sufficient that ug(x) has a threshold average M*(r), which almost everywhere is equal to
zero.

Proof. The sufficiency follows from Theorem 1. Let us show that from stabilization of the
integral (5) it follows the existence of a zero threshold average on F;:

[ no@)de < et M7 [ exp{=p(?,%,0,8)huo(@)dE = cyu(t/%,x), ()

F¥, RN

p
where N; = # + ) n%. In the inequality (9) mesF;; replaced by volume of the paral-
k=1

lelepiped
|€Vl - xl/1| S t1/6/ V= 1/m/
= x| <6, v=Tp, k=2,
P P
Since u(t, x) — 0 as t — oo, then from (9) it follows that Mi‘,r — 0ast — oo for any r. 0

3 CONCLUSION

If there exists a threshold average of a measurable bounded initial function, then theorems
about pointwise stabilization of the Poisson integral for diffusion type equations with inertia
also take place for systems of Kolmogorov equations with constant coefficients [7, 8]. Stabiliza-
tion of the Poisson integral of the equation (1) is related to the stability problem of derivative
prices on financial markets [9, 10, 11].
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B pob60Ti po3rastHyTO MOTOUKOBY cTabiAizamito iHTerpasa ITyaccoHa AAsl piBHSIHD THITy AMY-
3il 3 iHepIli€l0 y BUIIAAKY CKiHUEHHOI KiABKOCTi TPYI BMPOAXKEHHS! MapabOAiYHOCTI, BCTAHOBAEHO
HeobXiaHi i AocTaTHI yMOBYM Taxoi cTabiAisari y Kaaci 06MeXXeHMX BUMIPHIMX IIOUaTKOBMX (PYHKII{if.

Kntouosi cnoea i ppasu: iHTerpan IlyaccoHa, pisasHHS KoaMoroposa, piBHSIHHS TuIy Andys3ii 3
iHepuiero, crabiaizawist, BupoaXxeHe napaboAiuHe piBHSHHS, IOBEPXHI PiBHS, I'PaHIYHE CEPEAHE.



